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Comparison of Standard and Matrix-Free Implementations
of Several Newton~-Krylov Solvers

Paul R. McHugh* and Dana A. Knoll"
Lockheed Idaho Technologies Company, Idaho Falls, Idaho 83415

Fully coupled Newton’s method is combined with conjugate gradient-like iterative algorithms to form inexact
Newton-Krylov algorithms for solving the steady, incompressible, Navier-Stokes and energy equations in prim-
itive variables. Finite volume differencing is employed using the power law convection-diffusion scheme on
a uniform but staggered mesh. The well-known model problem of natural convection in an enclosed cavity
is solved. Three conjugate gradient-like algorithms are selected from a class of algorithms based upon the
Lanczos biorthogonalization procedure; namely, the conjugate gradients squared algorithm, the transpose-
free quasi-minimal-residual algorithm, and a more smoothly convergent version of the biconjugate gradients
algorithm. A fourth algorithm is based upon the Arnoldi process, namely the popular generalized minimal
residual algorithm (GMRES). The performance of a standard inexact Newton’s method implementation is
compared with a matrix-free implementation. Results indicate that the performance of the matrix-free im-
plementation is strongly dependent upon grid size (number of unknowns) and the selection of the conjugate
gradient-like method. GMRES appeared to be superior to the Lanczos based algorithms within the context of a

matrix-free implementation.

Nomenclature

= general system matrix

= perturbation constant

= general right-hand side vector

= damping constant

= vector of discrete governing equations

= individual discrete governing equation

= Grashof number, L*8gAT/v3

= gravitational acceleration in negative y direction
= Jacobian matrix

= Krylov subspace of dimension k

= dimension of Krylov subspace

= inner iteration counter

= dimension of linear system

= Newton iteration counter

= preconditioning matrix

= Prandtl number, v/«

= dimensionless pressure, p*/poV?

= Rayleigh number, Gr Pr

= scaled inner iteration residual norm

= relative update for nth Newton iteration

= dimensionless temperature, (T* — Tp) /AT
= dimensionless velocity, x direction, u*/V
= characteristic velocity scale, vy/L

= dimensionless velocity, y direction, v*/V
= arbitrary Krylov vector

= state variable vector

= Cartesian coordinate variables, x*/L, y*/L
= thermal diffusivity

= coefficient of thermal expansion

= tolerance for inner linear

= characteristic temperature difference, T, — T
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€ = perturbation

v = kinematic viscosity

P = density

Subscripts

h = hot wall value

i = vector component number
n = Newton iteration number
0 = reference value
Superscripts

i = inner iteration

n = Newton iteration number
0 = outer iteration

* = dimensional value
Operators

[A)Y = transpose of A

b} = Euclidean norm of b

lbllse = Lo norm of b
m = average value of m

Introduction

HE use of robust, fully coupled algorithms to solve the Navier—
Stokes equations is growing in popularity mainly due to the
rapid advances in computer speed and available memory. An “in-
exact” Newton’s method refers to the use of an iterative solver to
approximately solve the linear systems arising from a Newton lin-
earization of the governing equations.!> The primary advantage in
the use of an iterative solver is reduced memory requirements. Ad-
ditionally, the tolerance of the linear equation solver can be relaxed
when far from the true solution and then tightened as the true solu-
tion is approached. Preconditioned conjugate gradient-like iterative
algorithms have been successfully used in this fashion.3~10
The linear systems arising on each Newton step are of the form
Jéx = —F(x). True conjugate gradient methods compute approx-
imations to 8x in the affine space 8xy -+ K;.!! They are char-
acterized by an optimality condition and short vector recurrence
relationships.'? In many of these Krylov projection methods, the
Jacobian matrix appears only in matrix—vector products of the form
Jw.This becomes very important in the context of an inexact Newton
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iteration because these products may be approximated by finite dif-
ferences as follows 5-1°;

_F(x+ew)—F@)
&€

Jw ey

The existence of this approximation is significant because it suggests
the possibility of matrix-free implementations of Newton’s method,
thereby circumventing the main drawback associated with its use.
The performance of this matrix-free implementation compared with
the standard implementation is the focus of this paper.

Note that for symmetric matrices short vector recurrence rela-
tionships arise naturally, resulting in constant work and storage re-
quirements on each iteration. For nonsymmetric matrices, however,
short recurrences do not exist,'* and so the work and storage re-
quirements increase with the iteration number, making the use of
true conjugate gradient methods impractical. However, some prob-
lems allow successful application of true conjugate gradient algo-
rithms to the normal equations. Disadvantages in this approach,
however, are that the condition number of the new system is made
much worse, and matrix—vector multiplications with the transpose
are required. Working with the transpose is undesirable for several
reasons: first, the transpose is not always readily available; sec-
ond, the efficiency of matrix—vector multiplications with the trans-
pose may be reduced on vector/parallel computers; and third, work-
ing with the transpose eliminates the option of the aforementioned
matrix-free implementations of Newton’s method. For these rea-
sons we chose to concentrate on the performance of conjugate
gradient-like algorithms.

Conjugate gradient-like algorithms are derived by either relax-
ing the optimality condition or sacrificing short vector recursion
relationships.!* The optimality condition may be relaxed by allow-
ing periodic algorithm restarts and by artificially truncating the re-
cursion (i.e., the new direction vector is orthogonal to only the previ-
ous s direction vectors). Additionally, economical vector recursions
can also be obtained, at the expense of optimality, by using the
Lanczos biorthogonalization procedure (i.e., using three-term re-
cursions to build a pair of biorthogonal bases).*

The restarted generalized minimal residual (GMRES) algorithm,
based on the use of the Amoldi process, is derived by relaxing
the optimality condition.'* Note that the full GMRES algorithm
maintains optimality but does not exhibit short vector recursions.
Consequently, the storage requirements- grow linearly and the work
quadratically with the iteration number.” Thus, it is often neces-
sary to use the restarted version, GMRES(k), where k indicates the
selected dimension of the Krylov subspace. In this case, the algo-
rithm is restarted after & iterations. Restarts may cause the GMRES
algorithm to exhibit very slow convergence, but GMRES will not
encounter the breakdowns that are possible with the algorithms de-
scribed later.!6

Algorithms derived by relaxing the optimality condition using
the nonsymmetric Lanczos procedure include the biconjugate gra-
dient (BCG) algorithm,!”-!® a more smoothly convergent version of
the biconjugate gradient algorithm (Bi-CGSTAB) and its variants,'®
the conjugate gradients squared (CGS) algorithm,?® and a set of
algorithms based on the quasi-minimal-residual idea.?! Compared
with the Arnoldi-based method (i.e., GMRES), these Lanczos-based
methods require less work and storage per iteration.??

The first of the Lanczos-based methods developed, BCG, suffers
from three main shortcomings®2:

1) It requires matrix—vector multiplications with the matrix
transpose. :

2) It lacks the minimization property inherent in Arnoldi-based
methods, resulting in irregular convergence properties.

3) Algorithm breakdown is possible.

The first shortcoming was overcome with the development of
CGS. This algorithm is based upon the equivalent polynomial form
of the BCG algorithm and is derived by squaring the BCG polyno-
mial recurrences. This process results in an algorithm that avoids use
of the matrix transpose and doubles the rate of convergence of BCG
without increasing the amount of work.”® Unfortunately, the CGS
algorithm sometimes exhibits more irregular convergence behavior
than BCG.?2 With the goal of obtaining more smoothly convergent
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Fig.1 Geometry and boundary conditions for the model problem.

CGS-like solutions, several new algorithms have been developed:
Van der Vorst modified the BCG polynomial recurrences and used
local steepest decent steps in the Bi-CGSTAB algorithm, ' and Fre-
und applied the quasi-minimal-residual idea to the CGS algorithm
to arrive at the transpose-free quasi-minimal-residual (TFQMR)
algorithm.?! Note that CGS, Bi-CGSTAB, and TFQMR may still
encounter algorithm breakdown. The unpreconditioned versions of
these three algorithms roughly require the same amount of work and
storage per iteration,”! However, the preconditioned TFQMR algo-
rithm requires twice as many operations of the preconditioner (four
vs two) as the preconditioned versions of the other two algorithms.
This is because the TFQMR algorithm produces two solution es-
timates per iteration, whereas CGS and Bi-CGSTAB produce only
one solution estimate per iteration.

This paper investigates the use of CGS, TFQMR, Bi-CGSTAB,
and GMRES(20) within both standard and matrix-free implemen-
tations of inexact Newton’s method. The resulting algorithms are
used to solve the model problem described next.

Model Problem Description

The model problem considered here is natural convection in an
enclosed square cavity as illustrated in Fig. 1. The flow is assumed
incompressible. The coupling between the momentum and energy
equations occurs through the buoyancy force term in the momentum
equation, using the Boussinesq approximation.”*> In conservative
and dimensionless form the governing equations can be expressed
as follows:

Continuity:

B_u -+ B_U =0 @)
ax 8y
Momentum:

ou?  duv op *u d%u

wt ey T Tty @
duv  »n? ap v %
ey T Tttt @
Energy:
wT T _ 1 (#T 9T "
ox 3y ~ Pr\ax2  9y?

where Gr is the Grashof number, Pr is the Prandtl number (= 0.71),
and the Rayleigh number Ra is given by Ra = GrPr (= 10%).
The gravity vector is assumed pointing in the negative y direction.
Boundary conditions for this problem are specified in Fig. 1.

Finite volume differencing using the power law scheme of
Patankar?* is used to discretize these governing equations on a uni-
form, staggered grid where velocities are located on cell faces and
pressures and temperatures are located at cell centers.

Numerical Solution Algorithm

The numerical solution algorithm used here is based on Newton’s
method. Implementation is simplified using a numerically evalu-
ated Jacobian, while robustness is improved using mesh sequenc-
ing and a damped Newton iteration.’ The linear systems that arise
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on each Newton iteration are solved using preconditioned conju-
gate gradient-like iterative algorithms. Consequently, the resulting
solution algorithm is referred to as an “inexact” Newton’s method.
Both standard and matrix-free implementations of inexact Newton’s
method are discussed next.

Newton’s Method
Newton’s method is a robust technique for solving systems of
nonlinear equations of the form

F) =[fi®), @), ..., L@ =0 6)
where the state variable x can be expressed as
=[x, %, ..., %] @)

Application of Newton’s method requires the solution of the lin-
ear system,

Jiox" = —F(@x") (®)
where the elements of the Jacobian J are defined by
dfi
Jy = 9
/ ox j ( )

and the new solution approximation is obtained from
2t =x" + dsx" (10)

The constant d in Eq. (10) is used to damp the Newton updates.
The damping strategy is designed to prevent the calculation of non-
physical variable values (i.e., negative temperature) and to scale
large variable updates when the solution is far from the true solu-
tion. However, damping was not necesssary to obtain the results
presented here.

The convergence criteria for the Newton iteration is based upon
a relative update defined by

o [6x]]
Ro = [max{lx,-”l. 1}] ah

where the superscript on R? refers to the outer Newton iteration
and the subscript indicates the dependence on the Newton iteration.
Convergence is then assumed when R? < 1 x 1075. This means that
six digits of accuracy are required when the magnitude of the state
variable is greater than one, and six decimal places of accuracy are
required when the magnitude of the state variable is less than one.

We employ a natural (uvpT') ordering of the variables, where the
u-momentum equation is solved for the u velocity, the v-momentum
equation is solved for the v velocity, the continuity equation is solved
for the pressure, and the energy equation is solved for the tempera-
ture. Cells are numbered from left to right and then bottom to top.
This ordering and our finite volume differencing scheme results in
a sparse banded Jacobian matrix. We exploit this sparse banded
structure by storing only the nonzero diagonal bands of the Jaco-
bian matrix.

Preconditioning

In this paper, several conjugate gradient-like iterative algorithms
are used to approximately solve Eq. (8) on each Newton step, giving
rise to an inexact Newton iteration. We employ right precondition-
ing to improve the performance of the conjugate gradient-like algo-
rithms on each Newton step. The right preconditioned linear system
then takes the form

JPPsx" = —F(x") 12)

so that within the conjugate gradient-like algorithm J” is replaced
with J*"P~! and 8x" is replaced with Psx". Effective precondition-
ing requires that P reasonably approximate J and that systems of
the form Pw = b, which arise within the conjugate gradient-like
iteration, can be solved efficiently. Selection of an effective pre-
conditioner is a very important but sometimes difficult task. In this

paper the focus is on the performance of the standard vs the matrix-
free implementations of inexact Newton’s method. Therefore, we
restrict our attention to only incomplete lower-upper (ILU) factor-
ization, specifically ILU(0) preconditioning.!*%> This means that the
preconditioning matrix assumes the same nonzero sparsity pattern
as the Jacobian matrix. In our implementation, however, we take
advantage of the banded structure of our Jacobian matrix and store
nonzero diagonals. We assume then that our preconditioner has the
same number of nonzero diagonals.

A difficulty, which arises when the continuity equation is solved
for pressure, warrants a short discussion with regard to precondi-
tioning. Because pressure does not explicitly appear in this equation,
zeros appear on the main diagonal in every row of the Jacobian ma-
trix representing the continuity equation. These zero diagonal entries
reduce the number of effective preconditioners that can be derived
from the Jacobian matrix. However, incomplete lower-upper (ILU)
factorization can still be used as an effective preconditioner in this
case because fill-in resulting from the incomplete factorization will
generate nonzero entries in all of the diagonal rows except those
corresponding to a finite volume with faces adjacent to both left and
bottom boundaries.® In our model problem, the only cell with faces
adjacent to both a left and a bottom boundary is located in the lower
left comner. We handle this problem by simply fixing the pressure
to zero in that cell, which is justified for this model problem and
incompressible flow because pressure is determined only up to an
additive constant.%

Standard Inexact Newton Iteration

In our stantard inexact Newton iteration, the accuracy of the it-
erative solve is controlled by an inner convergence criteria similar
to that proposed by Averick and Ortega! and Dembo et al.? Specif-
ically, the inner iteration is assumed converged when

,_ I + FGn)|

Rio=— 00 oy, a3
IFGeI

The selection of the best value of y, is based upon previous

results.'%?” When starting from a flat initial guess, y, is allowed

to vary on each Newton iteration according to

l)Min{n, 10} (14)

y,,=(2_

When starting from a reasonably good initial guess (i.e., the inter-
polated solution from a coarser grid), then y; is set equal to 1072,

Matrix-Free Inexact Newton Iteration

The conjugate gradient-like algorithms used to solve Eq. (8) re-
quire the Jacobian matrix only in the form of matrix—vector prod-
ucts of the form Jw, which may be approximated by Eq. (1). Use of
this approximation leads to a matrix-free inexact Newton iteration.
When preconditioning is employed, J is replaced by JP~!, and the
finite difference approximation to JP~'w is computed as

_ Fx+eP'w) — F(x)
P

JP“‘w (15)

Implementation of this approximation is accomplished by replacing
matrix-times-a-vector operations within the conjugate gradient-like
algorithms with calls to a routine that uses Eq. (15). Thus, each time
this routine is called during the inner iteration, the discrete governing
equations vector must be evaluated with perturbed values of the
state variable. Since these function evaluations can be expensive, the
number of required inner iterations should be kept as low as possible.
This can be accomplished by limiting the maximum number of inner
iterations and by using effective preconditioning.

Equation (15) indicates that the accuracy of the matrix-free ap-
proximation is strongly dependent upon the vector w. Since this
vector changes within the inner conjugate gradient-like iteration,
the accuracy of the matrix-free approximation is subject to some
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uncertainty. In our matrix-free implementation, the perturbation
constant ¢ is chosen as follows:

2397

Results

The advantages and disadvantages of the matrix-free implemen-
tation are studied with respect to performance and robustness. The

1 - 16 computer memory advantages of the matrix-free implementation are

&= N Z & (16) obvious. The potential performance advantage lies in reducing the

=1 CPU cost of forming and using the Jacobian matrix, without inhibit-

h ing or degrading convergence. Performance is studied using both
where Lanczos-based iterative solvers (CGS, TFQMR, and Bi-CGSTAB)
e —a-x+a an and an Amoldi-based iterative solver [GMRES(20)]. Note that in

and where x; is the ith component of the state vector of dimension N,
and a is a perturbation constant whose magnitude is on the order of
the square root of computer roundoff. We note for completeness that
alternative options exist for determing £.571° With the matrix-free
approximation, the inner iteration is assumed converged when

i _ HIFG" +68x™) — FGM1/e} + F&M)| _

R A 18
" IFG] o 08

where y, is defined earlier.

Table 1 Comparison with benchmark solution of
De Vahl Davis?®

Current solution

applications with a large number of equations, where the cost of
forming the Jacobian matrix is a significant fraction of the total
CPU time, the potential advantages of the matrix-free implementa-
tion are very appealing.

Performance data are obtained for the steady-state solution of the
natural convection test problem with Ra = 10* and Pr = 0.71.
All computations were run on an IBM RISC/6000 model 320 work-
station. Calculations were initiated from a fat initial guess (i.e.,
u =v =0, T = 0.5). Selected data from the solution to this prob-
lem are compared with the benchmark solution of De Vahl Davis?®
in Table 1. Note that the velocity data from Ref. 28 were multiplied
by the factor Pr~! to account for the different choices in veloc-
ity scaling. Additionally, the positions were adjusted to account for
the reversed circulation direction in Ref. 28. Table 1 presents the
maximum horizontal velocity component (), its corresponding
y location along the line x = 0.5, the maximum vertical velocity
component (U, ), and its x location along the line y = 0.5. Data
from three different grids of increasing refinement are compared

Benchmark 10 x 10 20'x 20 40 x 40 ; : . .
:gfuél:f grid grid grid with the benchmark solution. Reasonable agreement is obtained be-
tween the benchmark solution and the 40 x 40 grid solution (< 1%
Umax 22.7859 223569 22.7304 227172 difference).
Y 0.177 0.15 0.175 0.1875 Tables 25 present the required number of Newton iterations n,
Vmax 27.6296 25.3276 27.5293 27.6181 . . . . T
x 0.881 0.85 0.875 0.8875 the average nun.lber of inner iterations per Newton iteration 1z, the
required CPU time, and the number of times the maximum inner
iteration limit m,,,, wWas encountered. The maximum inner iteration
Table 2 Comparison of standard and matrix-free implementations
on a 10 X 10 grid (mpax = 20)
Standard implementation Matrix-free implementation
Tterative CPU Mmax» CPU Mmax,
solver n m time, s hits n m time, S hits
CGS 7 7 23 0 9 9 6.4 2
TFQMR 8 7 29 0 8 12 72 3
Bi-CGSTAB 8 7 25 0 7 8 44 1
GMRES(20) 8 8 2.6 0 8 8 33 0
Table 3 Comparison of standard and matrix-free implementations
on a 20 X 20 grid (mmax = 40)
Standard implementation Matrix-free implementation
Tterative CPU Mmax, CPU Mumax,
solver n m time, s hits n m time, s hits
CGS 8 17 16.7 0 _ —_— ——
TFQMR 8 21 244 0 10 34 854 6
Bi-CGSTAB 8 i8 17.3 0 10 27 60.3 4
GMRES(20) 9 25 16.3 3 9 25 26.3 3
Table 4 Comparison of standard and matrix-free implementations
on a 40 X 40 grid (myax = 80)
Standard implementation Matrix-free implementation
Iterative CPU Mmax, CPU Mumax»
solver n m time, s hits n m time, s hits
CGS 9 55 188.2 3 —_— R — -
TFQMR 10 61 305.7 4 58 79 43134 57
Bi-CGSTAB 13 69 322.0 8 —_ e R —_—
GMRES(20) 19 74 320.0 16 21 74 6312 18
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Table 5 Comparison of standard and matrix-free implementations on a 40 X 40 grid using a
10 x 10,20 x 20, and 40 X 40 mesh sequence (mmax = 20, 40, and 80, respectively)

Standard implementation Matrix-free implementation
Iterative CPU Mumax, CPU Mmax,
solver n m time, s hits n m time, s hits
CGS 5 62 131.7 0 —_ —_ —_ R
TFQMR 5 70 195.1 3 29 80 2249.9 29
Bi-CGSTAB 7 n 196.6 4 28 79 1841.1 26
GMRES(20) 15 80 290.9 15 16 80 538.7 i6
104 s 104
10° 3 — (GS
10 ] TFQMR 0.3 - TFQMR
. Bi-CGSTAB L O~ \ U s Bi-CGSTAB
120 1 GMRES(20) 100 TN | GMRES(20)
1 0
107 3
1074 10!
R} 10724 RO 074
10734 10724
104 104
10753 %, 1074
107594 \"ﬁ‘_\ 1074
1071 N 10759
10784 K 1074
107 v T r T 108 . . ' .
0 2 4 6 8 10 0 2 4 6 2 10

Fig. 2 Standard inexact Newton iteration convergence behavior (10
x 10 grid).

limit was set equal to the square root of the number of unknowns.
Note that the implementation used to generate these results is not
practical in the sense that a new ILU(0) preconditioner was formed
each Newton iteration, which in turn requires the formation of the
Jacobian matrix. A more practical implementation might use the
same preconditioner for several Newton iterations or a less ex-
pensive preconditioner that does not require forming the complete
Jacobian matrix. However, the purpose of this article is to inves-
tigate the effects of the matrix-free approximation. With this goal
in mind, a more practical implementation was not necessary, and
so ILU(0) was selected as the only preconditioner. Consequently,
CPU times should not be used as a basis for comparing the two im-
plementations but rather as a basis for comparing the performance
of the different iterative solvers. Convergence behavior is used as a
basis of comparison for the standard and matrix-free implementa-
tions. Note that the TFQMR algorithm provides an upper bound for
the residual norm that was not used in this study. Use of this upper
bound could make the TFQMR algorithm less expensive because
the calculation of the residual norm could be postponed until this
upper bound was small enough. In our implementation, however, we
chose to compute the residual norm on each iteration to provide a
more accurate convergence check as well as to provide information
regarding convergence history.

Table 2 presents performance data for a coarse 10 x 10 grid solu-
tion for each of the inner iteration algorithms. Corresponding con-
vergence plots are shown for both the standard and the matrix-free
implementations in Figs. 2 and 3, respectively. These figures plot the
maximum relative Newton update R? as a function of the Newton
iteration count. The performance of the different iterative solvers
is similar for both the standard implementation and the matrix-free
implementations for this coarse grid.

Tables 3 and 4 investigate the effect of grid refinement. Use of
the Lanczos-based iterative algorithms with the matrix-free approx-
imation led to a marked degradation in performance as the grid was
refined, whereas the Amnoldi-based method (GMRES) performed
similarly for both implementations. In fact, for the 40 x 40 grid
(Table 4) no solutions were obtained using the matrix-free approx-
imation with CGS or Bi-CGSTAB. The use of mesh sequencing in
Table 5 led to a solution using Bi-CGSTAB but still did not enable
a solution using CGS.

Fig. 3 Matrix-free inexact Newton iteration convergence behavior
(10 x 10 grid).

10%
0! ] — CGS
TFQMR
10° 1 Bi-CGSTAB
GMRES(20)
1074
o 1072
Ra 1073+
10744
1077
1074
1074 3
10°® . : - T .
0 5 10 15 20 25 30

Fig. 4 Standard inexact Newton iteration convergence behavior (40
x40 grid).

Convergence plots for the 40 x 40 grid solutions in Table 5 are
shown in Figs. 4 and 5. Figure 6 is a plot of R! vs the inner iteration
number for the first Newton iteration on the 40 x 40 grid correspond-
ing to the standard implementation solutions in Table 5. Note that
the first iteration was chosen because then each of the iterative algo-
rithms are roughly solving the same linear system. Note from Fig. 4,
the relatively slow convergence obtained using GMRES(20) for the
standard implementation. This behavior follows from the choice for
the dimension of our Krylov subspace (k = 20). Twenty iterations
was not sufficient to satisfy the inner iteration convergence criteria
[Eq. (13)]. This necessitated periodic algorithm restarts, which in
turn slowed the convergence of the GMRES algorithm. This obser-
vation is evidenced by the large number of m,, hits encountered in
Tables 4 and 5 and the convergence-flattening trend shown in Fig. 6
for the GMRES(20) curve. GMRES(20) convergence is excellent
during the first 20 iterations but thereafter begins to flatten or stall
as more periodic algorithm restarts are needed. Increasing the di-
mension of the Krylov subspace would improve performance, but
it would also further increase algorithm memory requirements.

Several additional observations can be gleaned from Fig. 6. No-
tice the rather erratic convergence behavior of the CGS algorithm
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10%
2 — (CGS-No solution
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Fig. 5 Matrix-free inexact Newton iteration convergence behavior
(40 x 40 grid).

0 20 40 60 80

Fig. 6 Inner iteration convergence on the first standard Newton itera-
tion (40 x 40 grid).

10
10°
104 B
s CGS
107 1 TFQMR
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10t qifs
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Fig. 7 Inner iteration convergence on the first matrix-free Newton
iteration (40 x 40 grid).

that was alluded to previously. In spite of this behavior, the tabu-
lated data show that when the CGS algorithm converged it was more
CPU efficient than the other algorithms. Figure 6 shows that, for this
problem, TFQMR is more successful than Bi-CGSTAB at control-
ling the erratic CGS convergence behavior but at a noticeably higher
CPU cost as can be seen in the tabulated results. The TFQMR con-
vergence curve tends to temporarily stall or flatten out when CGS
is displaying very erratic convergence behavior. The Bi-CGSTAB
convergence curve, although more controlled than the CGS curve,
still exhibits some erratic convergence behavior.

These observations may lend some insight into the relatively
poor performance of matrix-free implementation when the Lanczos-
based methods are used. This performance is illustrated in Fig. 5,
which once again corresponds to the solutions presented in Table 5.
Recall that no solution was obtained using the CGS algorithm with
the matrix-free approximation. In the case of GMRES(20), replac-
ing the standard implementation with the mairix-free approximation

resulted in nearly identical convergence behavior. This suggests
that Eq. (1) yielded acceptable approximations for the needed
matrix—vector products. In contrast, the convergence behavior using
TFQMR and Bi-CGSTAB degraded appreciably when the standard
implementation was replaced with the matrix-free approximation.
In an attempt to relate this behavior to the observations cited ear-
lier, consider the convergence behavior of the iterative solvers as
shown in Fig. 7 for the first Newton iteration. The erratic conver-
gence behavior of CGS coupled with the use of Eq. (15) results in
very poor approximations for the needed matrix—vector products.
The CGS algorithm could not recover from the erratic jumps and
eventually returned a very bad Newton update that led to diver-
gence. Once again, the TFQMR algorithm is observed to stall out
when the CGS iteration is behaving badly. During this Newton it-
eration, TFQMR stalls with a value of R,'; near 1. This behavior,
although resulting in poor convergence, does not cause divergence
of the algorithm. During this first Newton iteration it is fortuitous
that Bi-CGSTAB converged, because during later iterations it most
often encountered the m,,, limit as shown in Table 5. In addition,
note that a solution could not be obtained using the matrix-free ap-
proximation with Bi-CGSTAB on the 40 x 40 grid starting from a
flat initial guess. In that case, behavior similar to that of CGS over
several Newton iterations led to divergence.

Recall that the accuracy of the matrix-free approximation in
Eq. (1) is dependent upon the vector w. In the case of the Lanczos-
based algorithms, the characteristics of this vector may vary wildly
as evidenced by the sometimes erratic CGS convergence behavior. In
the case of GMRES, however, an orthonormal basis is constructed
for the Krylov subspace so that only normalized vectors appear
in matrix—-vector products. Presumably, this is one feature that en-
ables Eq. (1) to generate acceptable approximations for the required
matrix—vector products needed within the GMRES algorithm.

Summary and Conclusions

Inexact Newton algorithms were used to solve the well-known
problem of natural convection in an enclosed square cavity, which
is assumed governed by the incompressible Navier—Stokes and en-
ergy equations. Coupling between the momentum and energy equa-
tions occurred through the buoyancy force terms in the momentum
equations using the Boussinesq approximation.? These equations
were solved with Ra = 10* and Pr = 0.71 on several stag-
gered, finite volume grids of increasing refinement. Several con-
jugate gradient-like algorithms were selected from a class of algo-
rithms based upon the Lanczos biorthogonalization process. These
included CGS, TFQMR, and Bi-CGSTAB. A fourth algorithm was
based upon the Arnoldi process, namely the restarted GMRES al-
gorithm. We chose the dimension of the Krylov subspace for the
restarted GMRES algorithm to be 20. Right ILU(0) precondition-
ing was used to improve the performance of the iterative solvers.
Both standard and matrix-free implementations were investigated.

In general, GMRES(20) outperformed the Lanczos-based meth-
ods when the matrix-free approximation was used. GMRES was
able to maintain an acceptable level of performance when the stan-
dard implementation was replaced with the matrix-free approxima-
tion. In contrast, the Lanczos-based methods were not able to main-
tain the same level of performance. Among these methods, CGS
was found to be poorly suited to matrix-free implementations of
inexact Newton’s method because of its erratic convergence behav-
ior. TFQMR and Bi-CGSTAB performed better than CGS because
of their smoother convergence behavior but still suffered a notable
drop in performance when the matrix-free approximation was used.

Standard implementations using the Lanczos-based algo-
rithms seemed to outperform the standard implementation using
GMRES(20) when the grid was refined (number of unknowns in-
creased). Convergence of the GMRES(20) algorithm was not in-
sured within 20 iterations, the selected dimension of the Krylov
subspace. Consequently, periodic algorithm restarts were neces-
sary, leading to slower convergence. The GMRES(20) iteration fre-
quently encountered the upper limit for the number of inner iter-
ations on the finest grid. This resulted in the return of mediocre
Newton updates and slower convergence of the outer Newton itera-
tion compared with the use of the Lanczos-based methods.
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